This study aims to test the appropriateness of multivariate skew-t copula and checkerboard copula of maximum entropy in generating monthly rainfall total data. The generation of synthetic data is important, as it provides hypothetical data in areas for which data availability remains limited. Three selected meteorological stations in Kelantan, Malaysia, Stesen Pertanian Melor, Rumah Pam Salor, and Ladang Lepan Kabu, are considered in this study. Monthly rainfall total data for the driest and wettest months in the year are tested in this study. For these three stations, the identified month with the least total of rainfall received (driest) is May, while the month with the highest total of rainfall received (wettest) is November. The data is fitted to gamma distribution with the corresponding parameters estimated. The observed data will be transformed to be in unit uniform using the gamma marginal. The resulting data is compared to simulated uniform data generated using multivariate skew-t copula and checkerboard copula of maximum entropy models based on the correlation values of the observed and simulated data. Next, the Kolmogorov-Smirnov test is used to assess the fit between the observed and generated data. The results show that the values of simulated correlation coefficients do not differ much for gamma distribution, multivariate skew-t, and maximum entropy approaches. This implies that the multivariate skew-t and maximum entropy may be used to generate monthly rainfall total for cases in which actual data is unavailable.
Introduction
Studies on hydrologic phenomena such as rainfall are essential to describe possible changes in the global water cycle and climatic phenomena (AghaKouchak and Nasrollahi 2010; Shi et al. 2015; Barman and Bhattacharjya 2015; Jaiswal et al. 2015) . A considerable amount of literature has been published on rainfall issues in Malaysia in the last 10 years. Past rainfall studies in Malaysia include those of Hamzah (2005) and Roslinazairimah et al. (2014) , who used regional frequency analysis (RFA) based on L-moments to develop the regional frequency curves in Malaysia. Jamaludin et al. (2008) and (Deni et al. 2010) investigated the best fit model that best describes the distribution of dry and wet spells in Peninsular Malaysia and found the modified log series (ML) and the compound geometric (CG) distributions to be the best models. Zawiah et al. (2009) and Zin and Jemain (2010) studied extreme rainfall in Malaysia and found that the extreme rainfall data are well fitted by the extreme models, which include the generalized extreme value (GEV) and generalized Pareto (GP) distributions. Research to date has tended to focus on marginal distributions rather than considering the dependence structure of rainfall data. Hence, studies that take into account the dependence structure of the rainfall data have not been fully explored.
As climatic variables may be interdependent, multivariate models such as copulas (Trivedi and Zimmer 2007; Genest and Favre 2007; Nelsen 2013; Tsakiris et al. 2015) and maximum entropy (Shannon 1948; Piantadosi et al. 2012b; Borwein et al. 2013 Borwein et al. , 2014 ) may be considered. Both methods are flexible enough account for a dependency structure among multiple hydrologic variables. Yee et al. (2014) used bivariate copula in fitting rainfall data in Peninsular Malaysia. The study shows that the bivariate distribution model is not appropriate for use in hydrology problems and the copula model is more appropriate in modelling rainfall data when the dependency structures among variables are taken into account. The copula method, introduced by Sklar (1959) , states that the copula estimates the distribution of random vectors by estimating marginal and joint distribution separately. On the other hand, the maximum entropy introduced by Shannon (1948) provides another approach to account for the dependency. The principle of maximum entropy provides an approach to derive probability distribution given limited information (Zhao and Lin 2011) . This approach has been applied in various fields, including hydrology (Singh 2011; Piantadosi et al. 2012c; Borwein et al. 2013; AghaKouchak 2014) .
Various statistical distributions are often used in analysis to model rainfall data, but somehow the variance resulting from the used of these distributions are always lower when compared to variance calculated from actual data. The study on how to increase the variance of the simulated data to better replicate the variance of the actual data is often of main interest recently (Piantadosi et al. 2012a, b, c) ; Borwein et al. 2013 Borwein et al. , 2014 . In this study, multivariate skew-t distribution is used to model the rainfall data. Such distribution is often used in modelling data with asymmetric and heavy tail behavior. Simulation of monthly rainfall total at a particular location will be performed using the multivariate skew-t copula and checkerboard copula of maximum entropy. The results will be evaluated and verified.
Thus, the main aim of this study is to propose a comparison of multivariate skew-t copula to the checkerboard copula of maximum entropy approach in estimating the rainfall data. To the best of our knowledge, no studies in Malaysia have yet been conducted using the multivariate skew-t copula and maximum entropy approaches. This may be the first of its kind for rainfall data in Malaysia. This aim will be achieved using more specific objectives, which include the generation of long series of synthetic rainfall data in Malaysia. This is essential for hydrological and water management purposes, as it assists researchers working with controlled rainfall data, eliminating the unpredictable variability of natural rainfall data. For verification, the generated data will be matched with the observed rainfall total at the three meteorological stations. The multivariate skew-t copula (Azzalini and Capitanio 2003; Demarta and McNeil 2005; Lee and McLachlan 2011; Zakaria et al. 2013 ) and checkerboard copula of maximum entropy approaches (Piantadosi et al. 2012b; Borwein et al. 2014) will be used to generate the hypothetical data. In the first case, a copula derived from a multivariate skew-t distribution is applied, while in the second case, the theory of Frenchel duality is used within the copula of maximum entropy approach.
In this analysis, we considered three meteorological stations in Kelantan, which are Stesen Pertanian Melor, Rumah Pam Salor and Ladang Lepan Kabu. The correlation coefficients between these three stations are statistically significant when considering monthly rainfall total. This study is limited to only these three stations in Kelantan, but in the future it may be extended to more stations.
Study Area and Data
Kelantan is located in the northeast of Peninsular Malaysia and is bordered in the north by Narathiwat, Thailand. Kelantan experiences hot and humid weather all year, classifying this state as experiencing a tropical monsoon climate. The average temperature is 27 • C with average annual rainfall total is 2500 mm. In general, Kelantan experiences a dry season from March until May and a rainy season from October until December. In this study, data from three meteorological stations with a record length of 42 years in Kelantan are con- This analysis considers daily rainfall total data at the three selected stations, focusing only on total rainfall data for May and November. The month of May was considered, as it is the month with the lowest mean of monthly rainfall total, while November experiences the highest mean of monthly rainfall total. Table 1 shows the descriptive statistics for May and November rainfall total. The values suggest a steep reduction in mean value of rainfall total from May to November for all stations. This is certainly true, as May is the driest month and November is the wettest month within the selected years. Estimates of rainfall total variances for all three stations range from 3,700 mm to 240,000 mm, with November having the largest variance at all three stations.
Methodology
This section focuses on the methodologies involved in this study. This study has been conducted to generate monthly rainfall totals for the studied locations which will be compared to the observed rainfall total. For this purpose, two models that allow dependency will be used, namely the multivariate skew-t copula and the checkerboard copula of maximum entropy. Both models have received much attention recently, particularly in rainfall modelling (Azzalini and Capitanio 2003; Piantadosi et al. 2012b; Zakaria et al. 2013; Borwein et al. 2014) . The correlation of the simulated rainfall total will be matched to the correlation of the observed rainfall total. Thus, models correctly describing the mean and variance for each of the monthly rainfall total and overall seasonal rainfall total will be identified. The procedure starts by fitting the marginal using the gamma distribution. The data is then transformed to a uniform unit. The Spearman's correlation coefficient are calculated between the three stations. The next step involved generating the data using the multivariate skew-t and checkerboard copula of maximum entropy approaches. The correlation coefficient of the simulated data is calculated for the three selected rainfall stations. Finally, the correlation coefficient of the observed data is compared to the correlation coefficient generated using multivariate skew-t and checkerboard copula of maximum entropy approaches.
The Gamma Distribution
The gamma distribution has been widely used for the applications of rainfall modelling (Zakaria et al. 2013; Papalexiou et al. 2013; Borwein et al. 2014; Hasan and Dunn 2014; Volkova et al. 2014) . It is suitable for data on the scale of (0, ∞). The gamma distribution is chosen to model the rainfall data due to its abilities that fits positive data. The characteristics of the gamma distribution which contains the shape (α) and the scale (β) parameters make it flexible enough to fit the rainfall data including the exponential and normal distributions (Husak et al. 2007 ). The exponential distribution is a special case in which the value of the shape parameter is one. Consider a random variable X of a gamma distribution, denoted by X ∼ G(α, β), with probability density function (PDF) of:
for x > 0 and α, β > 0 where α and β are the shape and scale parameters, respectively. The shape parameter determines the skewness of the rainfall distribution and the scale parameter determines the variance of the rainfall distribution. The mean of a gamma distribution is αβ and the variance is αβ 2 .
Copulas
The copula approach is a useful tool to investigate the statistical behaviour of dependent variables. Recently this approach has gained more popularity in hydrological and meteorological applications (Wong et al. 2009; Ibrahim et al. 2010; Zakaria et al. 2010; Madadgar and Moradkhani 2011; Salarpour et al. 2013) . The copula approach is preferred due to its ability that allow modelling and estimation of the distribution of random vectors by estimating marginal and the joint distributions separately. The copula may also be used to construct a joint distribution with known marginals. If
then F is then a joint CDF for the p-dimensional random variable X = (X 1 , ..., X p ) on (0, ∞) p with marginal CDF defined by F k for each k = 1, 2, ..., p. Therefore,
and 
for each 1 ≤ k < l ≤ p. The correlation coefficients for U is known as the grade correlation coefficients for X which can be defined as:
where for each 1 ≤ k < l ≤ p. The correlation between the uniform transformed data is known as grade correlation. The Spearman and the grade correlations are similar but written in different forms, refer to Borwein et al. (2014) . In this study, the correlation coefficients, ρ k,l that is obtained from the observed data is distinguished from the grade correlation coefficients, ρ k,l .
Checkerboard Copula of Maximum Entropy
The entropy
where i = (i 1 , ..., i p ), ı = n p , subject to the constraints i∈L(k,i) h i = 1 for all k = 1, 2, ..., p and i = 1, 2, ..., n and h i ≥ 0 for all i ∈ {1, ..., n} p is maximized by finding the hyper-matrix h = [h i ] ∈ ı . The grade correlation coefficient constraints is given as:
for 1 ≤ k < ı ≤ p where the observed rank correlation ρ k,l is known for all 1 ≤ k < ı ≤ p. The entropy approach can be defined as a measure of disorder where the solution for C h is the most disordered or least prescriptive choice for some n which satisfies the requirement of the grade correlation constraints. All analysis on checkerboard copula of maximum entropy was performed using MATLAB. For further details, the reader may refer to Piantadosi et al. (2012a, b, c) .
Multivariate Skew-t Distribution
In this section, we will describe the natural form of multivariate skew-t distribution which is a generalization of the univariate skew-t distribution. A d-dimensional random vector X = (X 1 , ..., X d ) T is known as the d-variate t distributed with mean vector μ, scale matrix and degrees of freedom (shape parameter) ν. The joint PDF of univariate skew-t distribution given by x ∈ d can be expressed as:
where Q(x) = (x−μ) T −1 (x−μ). The peakedness may diminish, preserve, or increase by varying the values of ν. The distribution is normally distributed with zero location (μ = 0).
In the case where d = 1, μ = 0 and = 1, then it becomes the PDF of univariate Student's t distribution with ν degrees of freedom. A higher dimension of skew-t distribution to handle multivariate data which has a probability density function of x ∈ d is:
with T (.) is the cumulative distribution function of Student's t distribution with (ν + d) degrees of freedom and W is the
In this study, we concentrated on random vectors whose the marginal functions are continuous and increasing.
The copula may be defined as
is the quantile functions of the margins. The copula C is the distribution function of the component wise probability transformed random vector, (F 1 (x 1 ), . .., F p (x p )) T . The unique copula is thus given by
where the G
is for the quantile function of a standard multivariate skew-t distribution. In the bivariate case, the notation is reduced to G −1 μ,σ,γ with location parameter μ ∈ , scale parameter ∈ (0, ∞), shape parameter γ ∈ and degrees of freedom ν. The reader may refer to Kotz and Nadarajah (2004) for further details.
Results and Discussion
This section presents the results and discussion of the analysis. Firstly, the dry and wet seasonal rainfall totals are modelled using gamma distribution. The shape (α) and scale (β) parameters for each month are estimated using the maximum likelihood method. Table 2 shows the parameter estimates of the gamma distribution, with the mean of the observed data match the mean estimated from the gamma distribution. Variances in the observed data are smaller than the estimated variance of the gamma distribution for dry seasonal rainfall total, however, it is the opposite case for wet seasonal rainfall total. Next, a relative frequency distribution graph is used to present the data in a visual form. For that reason, the histogram will be used to examine the shape and spread of data. In this analysis, a gamma frequency curve is drawn onto the histogram of relative frequency of the observed rainfall total for the three stations. Figures 2 and 3 show the histogram of observed rainfall total and the fitted gamma frequency distribution for the three stations. Both figures show a right skewed distribution for all selected stations with the gamma distribution fitted nicely onto each of the histogram. Kolmogorov-Smirnov goodness of fit test is used to assess the fit between the observed and the generated rainfall total. The goodness of fit test indicates that the data can be modelled using gamma distribution for dry and wet seasonal rainfall totals. These sets of monthly rainfall totals for stations A, B, and C are then transformed into uniform unit formed data using the gamma density function. Then, the Spearman's correlation coefficients is calculated for each pair of stations for both dry and wet seasonal rainfall totals. Table 3 shows the results of the correlations among stations AB, AC, and BC for both dry and wet seasonal rainfall total.
The next step is calculating the correlation coefficient data that is generated using multivariate skew-t distribution for dry and wet seasonal rainfall totals. We will generate 10 4 simulated data values using random number generation of multivariate skew-t distribution. The function rmst (n, μ i , , γ i , ν i ) for i = 1, 2, 3 from the 'sn' package in R is used in this study. The means are set to zero, while the covariances are set to one, as the effects of these values can be removed once we transformed the data to uniform unit formed. Thus, in the following steps, we investigate the effect of varying the parameters, namely, skewness (γ ), correlation (ρ) and degrees of freedom (ν) on the correlation (r) of the simulated data. For that reason, the correlation coefficient of the observed data will be matched with the correlation coefficient of the simulated data. In each iteration, the value of the simulated correlations will be noted. The results can be found in Tables 4, 5 and 6.
The synthetic data generated in this study is based on the model correlation coefficient. From Table 4 , as the value of skewness increases, the estimated values for the correlation decrease. However, there is only a slight effect on the value of the estimated correlation when the degrees of freedom varies (refer Table 5 ). The correlation for simulated data increases as the correlation value (ρ) increases, see Table 6 . The process is repeated for both dry and wet seasonal rainfall totals until the correlation of the generated data is close enough to the correlation of the empirical data. Based on the simulated results, the best values for the simulated parameters can be found by varying the values of skewness (γ ) between -0.60 to 0.50, degrees of freedom (ν) is set to 5 and model correlation (ρ) located between 0.50 to 0.80 for dry seasonal rainfall total. On the other hand, for wet seasonal rainfall total, by varying the values of skewness (γ ) from 0.30 to 0.60, degrees of freedom (ν) equal to 5 and model correlation (ρ) from 0.30 to 0.90 will result in the optimal correlation that is as close as possible to the observed correlation. The summarized results based on the best settings are shown in Table 7 for dry and wet seasonal rainfall totals, respectively.
In the following analysis, maximum entropy model is applied to generate synthetic rainfall data that has correlation values which are as close as possible to the correlation value of the observed data. For this reason, a checkerboard copula of maximum entropy approach is used to model the joint probability distribution for dry and wet seasonal rainfall totals, and a gamma distribution to model each of the marginal monthly rainfall total. As pointed out by Borwein et al. (2014) , the grade correlation coefficients from checkerboard copula of maximum entropy approach should be matched to the observed Spearman rank correlation coefficients for the monthly rainfall total. Thus, this approach could provides a model that is able to describe the mean and variance for each of the monthly rainfall totals as well as for the overall seasonal total. All analysis for the maximum entropy is done using MATLAB. To start with, the marginal distribution of dry and wet seasonal rainfall totals are modelled using gamma distribution. Borwein et al. (2014) have shown that the gamma distribution is the best model that satisfy that the means of the partially observed totals {x i } N i=1 and of the natural logarithm of the partially observed totals {log x i } N i=1 are both well-defined and finite. The results are then evaluated and compared to the analysis that was done using multivariate skew-t in R-software. Table 8 shows the correlation values of the simulated data and the observed data for dry and wet seasonal rainfall totals using copula of maximum entropy. For each simulation, we generate N = 2500 sample size. It is noted that the correlation values of simulated data are close and some of them even matched the observed correlation values for both dry and wet seasonal rainfall totals. This strongly indicates that the generated monthly rainfall total using copula of maximum entropy can be matched with the observed rainfall total. Figures 2 and 3 show the histogram of the generated rainfall totals for dry and wet seasons, respectively. Evaluation from each figure shows that the observation can be considered as right-skewed, which is similar to the histogram of the observed data in the left panel based on checkerboard copula of maximum entropy. Table 9 shows the comparison of mean and variance obtained from the observed data, gamma distribution, and maximum entropy for dry and wet seasonal rainfall totals, respectively. Fitting different distribution to the observed data leads to different values of statistical behaviour. It is noted that the mean generated by gamma distribution is equal to the mean of the observed data for both dry and wet seasonal rainfall totals; however, the variance generated by the independent (gamma) model is most likely greater than the observed variance for dry seasonal rainfall total. For wet seasonal rainfall totals, the variance generated by the independent model is smaller than the observed data at all stations. The descriptive statistics of rainfall total generated using maximum entropy for dry and wet seasonal rainfall totals seems to match the statistics of observed data. Most of the variance values generated by this approach are closer to the observed data compared to the variance generated by gamma distribution. Comparison for the generated synthetic rainfall total using multivariate skew-t cannot be done in term of statistical values for both dry and wet seasonal rainfall totals. This is because this approach does not allow us to revert back to get the simulated observed data. This is the main limitation of this approach, however comparison can still be made using the correlation coefficient values. The correlation coefficient values between the observed gamma, multivariate skew-t and maximum entropy models are shown in Table 10 for dry and wet seasonal rainfall totals. The results show that the values of correlation do not differ significantly between the observed and proposed models. All correlation values are significant at 5% significance level, indicating that the generated monthly rainfall total using the multivariate skew-t and maximum entropy approaches can match the observed data well. In order to evaluate the degree of closeness between the observed data to the generated series, Kolmogorov-Smirnov goodness of fit test is used with the null hypothesis stating that there is no difference between the observed and the generated data. The results of the test provide no evidence that the observed and generated uniform data significantly differ using both approaches. 
Conclusions
We have proposed two approaches to generate monthly rainfall total that may be comparable to the observed rainfall total, which are using multivariate skew-t and checkerboard copula of maximum entropy. When comparing both approaches, no significant differences are obvious. For both approaches, we begin by estimating the marginal distribution under the assumption of gamma distribution. Next, we generate the synthetic rainfall total using both multivariate skew-t and maximum entropy approaches. The statistical behavior and correlation coefficient of the generated data are then calculated and compared to the observed data. It has been found that the generated data using multivariate skew-t does not allow reverting back to the observed values which make it as one of the limitations using this approach. Nevertheless, we still can evaluate or compare the results in terms of correlation coefficients. The results show that the rainfall total generated using maximum entropy for dry and wet seasonal rainfall total produce relatively similar results as the observed data. Most of the variance values generated by checkerboard copula of maximum entropy method are closer to the observed data than the variance generated by gamma distribution. Moreover, the values of simulated correlations do not differ much for gamma distribution, multivariate skew-t and maximum entropy approaches. Hence, the results have demonstrated that the generated monthly rainfall total using the multivariate skew-t and maximum entropy match the observed data well.
From the analysis, it is noted that using multivariate skew-t, there is difficulty in simulation, where the parameters need to be set in order to match with the correlation of observed data. It also required the model correlation values to be set as high as possible. The main weakness of this approach is the failure of the generated rainfall data to revert back to the observed rainfall total. However, using the maximum entropy approach, the observed rainfall totals can be generated by setting the value of correlation. These can be applied even though the number of stations or locations is further added without adjusting the parameters unlike in the multivariate skew-t approach. Therefore, there is no issue of transforming the simulated data to the observed rainfall total.
The generation of synthetic data is important as it enables the generation of rainfall total which has similar characteristics to the observed data. Thus, this assists in cases where data is unavailable. It can also be used to present different rainfall scenarios by changing the value of the parameters in the model. Beside that, the generation of long synthetic rainfall data is important in a case when we are concerned about the probability of events that are more extreme than any previously observed (extreme events). In most cases, extreme rainfall data is limited. We might get the estimate of this probability with a small certainty using the long synthetic rainfall data rather than when estimated using short or observed data.
The estimation of extreme events is important as it can cause severe damage to the human population, infrastructure and ecological disaster.
For future research, this study may be extended or applied in a number of ways. Firstly, this study has been conducted mainly by generating rainfall total using multivariate skew-t and maximum entropy models. In case of multivariate skew-t model, there is difficulty in reverting back the data to the observed rainfall total. Thus, comparison is based on the value of correlation coefficient only. For future research, it may be possible to find the reverting method using this model so that the comparison can be done in terms of mean and variance. Additionally, this study is limited to only three meteorological stations in Kelantan. It may be extended to more than three meteorological stations or a higher dimension.
